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The two-photon-annihilation contribution to the true muonium hyperfine splitting arising from e
and τ loops is obtained analytically at order mµα
6. The contribution to the hyperfine splitting is
−2.031092873mµα
6/n3pi2 = −793.926988/n3 MHz. The contribution to the triplet true muonium
decay rate has also been obtained and was found to be 9.825708266mµα
6/n3pi2 = 3840.737698/n3
MHz. Additional results have been computed for other purely leptonic bound states.
PACS numbers: 36.10.Ee, 12.20.Ds
True muonium is the yet unidentified (µµ¯) bound state.
This bound state has a metastable spectrum with life-
times in the range of ps to ns [1] since the 2.2 µs weak
decay of the muon is much longer. QED effects domi-
nate the spectrum and transitions because the leptonic
nature of true muonium suppresses QCD to vacuum po-
larization effects at O(mµα5) [2, 3]. Electroweak effects
are suppressed further to O(mµα7) [4]. The existing dis-
crepancies in muon physics [5–9] motivate a serious in-
vestigation of true muonium, which can strongly discrim-
inate between new physics models [4, 10–12]. In the fu-
ture, measurements of Lamb shift, 1s− 2s splitting, and
most relevant here the hyperfine splitting (hfs) should oc-
cur. For competitive constraints from these experiments,
Standard Model predictions are needed at the level of 100
MHz, corresponding to O(mµα7).
The theoretical expression for the hfs corrections to
true muonium from QED can be written
∆Ehfs = mµα
4
[
C0 + C1
α
π
+ C21α
2 ln
(
1
α
)
+ C20
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+ C32
α3
π
ln2
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π
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+ · · ·
]
, (1)
where Cij indicate the coefficient of the term proportional
to (α)i lnj(1/α). All dependence of the hfs to mass scales
other than mµ is included in the Cij . The coefficients of
single flavor QED bound states, used in positronium, are
fully known up to O(meα6) and some partial results for
O(meα7). The leading-order C0 = 7/12 was computed
separately by Pirenne [13], Berestetskii [14], and Fer-
rell [15]. The first order correction C1 = −(1/2) ln 2−8/9
was obtained by Karplus and Klein from loop corrections
to the leading order calculations and the two-photon an-
nihilation interaction [16]. Conceptual and mathematical
difficulties arose in deriving the first logarithmic coeffi-
cient, but the result, C21 = 5/24, was eventually ob-
tained by Lepage [17]. The purely meα
6 dependent co-
efficient took more than two decades to complete due to
the shear number of contributions, but was found to be
C20 = − 5232ζ(3) +
(
221
24 ln(2)− 5197576
)
ζ(2) + 12 ln(2) +
1367
648
(see [18] and the references therein).
At O(meα7), C32 = −7/8 was found by Karshen-
boim [19] in 1993, and C31 = −17/3 ln2 + 217/90 was
found by several groups in 2000 [20–22]. Today, only par-
tial results for the meα
7 coefficient exist [23–31], which
total to C30,partial ≈ 160 at present. These results can be
translated to true muonium with the exchangeme → mµ.
In addition to these, true muonium has extra con-
tributions that must be considered. The existence of
the lighter electron allows for large loop contributions
to true muonium system. The relative smallness of
mτ/mµ ≈ 17 and mπ/mµ ≈ 1.3 produce contributions to
true muonium much larger than analogous contributions
to positronium. Of these true muonium specific contri-
butions, which we denote by Cµij , only a few terms are
known. Cµ1 = 1.638(5) was computed by Jentschura et.
al. [2] where only the electron and hadronic loops have
been considered since the tau contributions are numer-
ically smaller than the uncertainty, which is estimated
from the model dependence of the hadronic contribution.
Until this Letter, no computed O(mµα6) contributions
existed, but the electron loop in three-photon annihila-
tion at O(mµα7) is Cµ30,3γ = −5.86510(20) [29]. For a
O(mµα7) prediction of the hfs, contributions from Z-
bosons must be considered because of its m3ℓ scaling [4],
allowing for a low energy determination of sin θW .
In this Letter, we compute the first piece of Cµ20, the
two-photon annihilation contributions arising from a sin-
gle lepton loop (see Fig. 1). We neglect the hadronic
contribution since the model-dependent nature of present
techniques must be improved already[2]. We work ini-
tially with a general β = (mℓ/mℓ′)
2, and at the end
consider the cases of physical relevance ℓ, ℓ′ = e, µ, τ .
This calculation generalizes the results of [32] where the
two-photon annihilation correction was considered for
2µ−
µ+µ+
µ−
ℓ−
ℓ+
FIG. 1. A example of a general leptonic loop in the two-
photon annihilation graph of true muonium.
β = 1 in the Fried-Yennie gauge [33]. The effect of vac-
uum polarization on the photon propagator is given by
1
k2 → − 1k2ΠR(k2), where the renormalized O(α) vacuum
polarization factor is
ΠR(k
2) = − α
3π
k2
m2
∫ 1
0
dx
x2(3 − 8x+ 4x2)
1 − x(1 − x)k2/m2 . (2)
Using this, the full correction to energy can be found to
be[31, 32]
∆EVP =
mµα
5
n3π
(2)
∫
dk4
iπ2
−k2(−1)ΠR(m2k2)
k2(k − 2N)2(k2 − 2kN)2
=
mµα
6
n3π2
IVP, (3)
where the four-vectors k andN = (1,0) are normalized to
1 by scaling out the mass m of the muons and the factor
of 2 arises from the possibility of inserting the vacuum
polarization bubble into either photon line. Comparing
to Eq. (26) of [32], the general β case for IVP is
IVP = −2
3
∫ 1
0
dx
∫
dk4
iπ2
x(3 − 8x+ 4x2)
(1 − x)
× −k
2
k2(k2 − 2kN)2
(
− 1βx(1−x) + (2N − k)2
) .
(4)
Performing a standard Feynman parameterization allows
for integration without issue over k2. The resulting inte-
gral is completely finite and found to be
IVP =
∫ 1
0
dxdy
∫ 1−y
0
dz
βx2y(3− 8x+ 4x2)
z + βx(1 − x)[(y + 2z)2 − 4z] .
(5)
In solving the integral in Eq. (5), the most challenging
part we encountered involves integral of the form,
Ic = − 1
24β
{∫ 1
0
dx
4arctanh
(√
1− 4βx(1− x)
)
(1 − x)2
√
1− 4βx(1− x)
+
∫ 1
0
dx
(1− x)2
{
2
[
2βx(1 − x)
(
2 + ln
(
βx(1 − x)))
+ ln
(
βx(1 − x))]+ (1− 4βx(1− x))
× ln (1− 4βx(1 − x))}
= − 1
24β
{
Ic1 + Ic2
}
. (6)
The integral Ic is finite, but to simplify the computa-
tion, it is convenient to calculate Ic1 and Ic2 separately.
This however is complicated by Ic1 and Ic2 being sepa-
rately divergent. In order to control the divergences, we
employ the following limitation approach,
Ic = − 1
24β
lim
ǫ→0+
{∫ 1−ǫ
0
dx
4arctanh
(√
1− 4βx(1 − x)
)
(1− x)2
√
1− 4βx(1 − x)
+
∫ 1−ǫ
0
dx
(1− x)2
{
2
[
2βx(1 − x)
(
2 + ln
(
βx(1 − x)))
+ ln
(
βx(1 − x))]+ (1− 4βx(1 − x))
× ln (1− 4βx(1− x))}
= − 1
24β
{
Iǫc1 + I
ǫ
c2
}
. (7)
where ǫ → 0+ means that the limitation is carried out
from above. With this procedure, the Iǫc2 integral can
be computed in a straightforward fashion and we thusly
focus on Ic1 in the following.
Defining new variables a =
√
1− β and b =
√
β
1− β
then we have via change of variables,
Iǫc1 =
1
3
√
β(1− β)
∫ tan( 1
2
arccot
(√
1−β√
β
)
−
ǫα
2
)
− tan
(
1
2
arccot
(√
1−β√
β
)) dt (1 − t2)
[
ln(1− a− (1 + a)t2)− ln(1 + a− (1− a)t2)](
2t− b(1− t2))2 , (8)
where
1
2
− ǫ =
√
1− β
4β
tan
(
arccot
(√
1− β/
√
β
)− ǫα). To compute the indefinite integral with integrand pro-
3portional to ln(1−a− (1+a)t2) shown above, we employ
the following trick,
I˜ǫc1 =
∫
dt
(1− t2) ln(1 − a− (1 + a)t2)(
2t− b(1− t2))2
=
∂
∂b
1
b(b2 − b1)
∫
dt
( 1
t− b2 −
1
t− b1
)[
ln(1 + a)
+ ln(t− a1) + ln(t− a2)− ln(1 − a)
]
, (9)
where {a1 , a2} and {b1 , b2} are solutions to algebraic
equations (1 + a)t2 + a − 1 = 0 and 2t − b(1 − t2) = 0,
respectively. Then the integration of Eq. (9) becomes ele-
mentary. The contribution involving ln(1+a−(1−a)t2) in
Eq. (8) is obtained from Eq. (9) by replacing a with −a.
It is worth noting that the antiderivative obtained di-
rectly from Eq. (9) is divergent when b2 =
1− a2
a2
, which
is the case we are concerned with. To deal with this issue,
we write b2 =
1− a2
a2
+ ǫ and pull out the divergent con-
stant piece proportional to 1/ǫ which approaches infinity
when b2 =
1− a2
a2
.
Putting all of the pieces together, the final result of
IVP reads,
IVP =
1
72β
{
3 lnβ√
β
[ (
1− 2β3/2
)
ln(1− β) − 2 ln ((1−√1− β)(√β + 1))+ 6 ln (√1− β +√β − 1)+ lnβ
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√
β
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)
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√
β
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β
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β
)
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]
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β
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+ 12
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(
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√
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(√
1− β − 1√
β
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((√
1− β − 1) (√β − 1)√
(1− β)β
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+ Li2
(
β +
√
1− β − 1
β −√β
)]]}
, (10)
where the expression is real for 0 6 β 6 1 whereas for
the β > 1 region, the expression picks up an imaginary
part corresponding to on-shell decay. In order to obtain
consistent results for β > 1 with the pole prescription of
the Feynman propagator and obtain the correct branch
cut, we let β → β + iǫ. Taking the limit of β → 1, we
recover the result of [32], IV P = − 16ζ(2).
Two simplifying limits are useful to consider for the
real parts of ∆EVP. The first is β → 0 where the leptons
running in the loop become infinitely massive
∆EVP,0 =
mµα
6
n3π2
[
β(−31 + 15 lnβ)
150
+O(β2)
]
, (11)
and β →∞ where the leptons in the loop become nearly
but not quite massless (allowing the leptons to become
massless introduces an infrared divergence)
∆EVP,∞ =
mµα
6
n3π2
[
1
36
(
− 5π2 + 4(8− ln 2[8− ln 8])
+ 12(−1 + ln 2) lnβ
)
+O (β−1) ] (12)
where each agrees within 1% with the exact solution
for physical values of β. To obtain the contributions
to the triplet state decay rate, we use the definition
Γ = −2Im(∆EVP). Our results agrees with those found
in [2] where the asymptotic form of the vacuum polar-
ization was used. In Table I we have listed the numer-
ical values of IVP for the physical values of β. Using
Eq. (10), we see that the energy shift in true muonium
due to e is ∆EVP,e =
−792.859944
n3 MHz, and the contri-
bution to the decay rate of ΓVP,e = 9.825708266
mµα
6
n3π2 =
3840.737698
n3 MHz. The much smaller contribution from
τ is found to be ∆EVP,τ = − 1.067044n3 MHz. With these
contribution found, it is useful to reevaluate the uncer-
4TABLE I. Two-photon annihilation contributions from lep-
tonic loops to the hfs, ∆EVP in units of mµα
6/pi2 for physical
values of βij where i is the valence lepton, and j is the lepton
in the loop.
β IVP
βeτ = 8.3× 10
−8
−1.519746398 × 10−7
βeµ = 2.3× 10
−5
−2.977551560 × 10−5
βµτ = 3.5× 10
−3
−2.729803616 × 10−3
βℓℓ = 1 −2.741556778 × 10
−1
βτµ = 2.8× 10
2
−1.500492860 − 2.287953105i
βµe = 4.3× 10
4
−2.028363069 − 4.912854133i
βτe = 1.2× 10
7
−2.605913761 − 7.868414309i
tainty estimate of [4]. The electron vacuum polariza-
tion corrections, which are the largest contribution at
O(mµα5)[2, 3, 34], were used to estimate the unknown
O(mµα6) corrections unique to true muonium by mul-
tiplying the complete O(mµα5) diagrams by the pho-
ton polarization function, Π(q2), that arises from the
electron vacuum polarization at momentum q2 = 4m2µ.
This method ignores the proper convolution and non-
electronic contributions, but should give a gross estimate.
The majority of O(mµα5) contain two photon propaga-
tors, so this estimate is multipled by 2,
δE6hfs|µ ≈2ΠR(4m2µ)∆E5hfs,remain
≈6.92
(
−25
19
+ 1.638(5)
)
mµα
6
π2
≈ 700MHz,
(13)
where ∆E5hfs was obtained in [2] and here consists of the
sum of the C1 and C
µ
1 terms except for the two-photon
annihilation term. Comparing to [4], our error estimate is
reduced by 500 MHz. With the correction now known to
be −764 MHz, the uncertainty estimate was accurate to
within a factor of two, encouraging us that this method
is reasonable. With the newly computed term and er-
ror estimate, we find ∆E1shfs = 42329730(800)(700) MHz,
where the first uncertainty is from hadronic model de-
pendence, and the second a revised estimate of missing
O(mµα6) terms.
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